The Baryon Acoustic Oscillations (BAO) refer to the ripples of material density in the Universe. As the most direct density tracers in the universe, galaxies have been commonly used in studies of BAO peak detection. The spatial number density of galaxies, to a certain extent, reflects the distribution of the material density of our Universe. Using galaxies as matter tracers, we can construct more overlapping empty spheres (defined as DT voids in Zhao et al. 2016 ; DT is the abbreviation for "Delaunay Triangulation") than the matter tracers, via Delaunay Triangulation technique. We show that their radii excellently reflect the galaxy number density round them, and they can serve as reliable different density region tracers. Using the data from an unprecedented large-scale N-body simulation "TianNu", we conduct some fundamental statistical studies and clustering analysis of the DT voids. We discuss in detail the representative features of two-point correlation functions of different DT void populations. We show that the peak, the position of which corresponds to the average radius of data samples, is the most representative feature of the two-point correlation function of the DT voids. In addition, we also construct another voids, the disjoint voids, and investigate their some statistical properties and clustering properties. And we find that the occupied space of all disjoint voids accounts for about 45% of the volume of the simulation box, regardless of the number density of mock galaxies. We also investigate the BAO detections based on different tracers, i.e. mock galaxies, low-density region tracers (void tracers), and high-density region tracers respectively. Our results show that BAO intensities (the heights of BAO peaks) detected by low/high-density region tracers are enhanced significantly compared to the BAO detection by mock galaxies, for the mock galaxy catalogue with the number density of 7.52 × 10 −5 h 3 Mpc −3 .
INTRODUCTION
In cosmology, baryon acoustic oscillations (BAO) are produced by the competition between gravity and radiation due to the couplings between baryons and photons before the cosmic recombination, which led to the sound waves propagated in the pre-recombination universe. After the epoch of matterradiation decoupling, the acoustic oscillations are frozen and correspond to a characteristic scale, determined by the comoving sound horizon at the last scattering surface (Xu et al. 2015) ,
where c s is the sound speed, H(z) is the Hubble expansion rate, and t rec and z rec are the recombination time and recombination redshift respectively, and leave imprint on the cosmic microwave background (CMB) as well as the distribution of galaxies in the later universe even today (Blake & Glazebrook 2003; Seo & Eisenstein 2003; Eisenstein 2005) . The BAO measurements are based on the observation of an excess on the two-point correlation function or a series of wiggles on the power spectrum of the matter density fluctuations, corresponding to the acoustic horizon at the epoch of recombination (Peebles & Yu 1970; Sunyaev & Zeldovich 1970; Bond & Efstathiou 1984; Hu & Sugiyama 1996; Eisenstein & Hu 1998) . Instead of directly measuring the matter density within the survey volume, astronomers, using galaxies as direct tracers, carried out large field-of-view deep galaxy surveys, e.g. 2dF survey (Cole et al. 2005) and Sloan Digital Sky Survey (SDSS-III) Baryon Oscillation Spectroscopic Survey (BOSS, Eisenstein et al. 2011) , to investigate the large-scale structure of the Universe, and analyzed the clustering of galaxies. By calculating the two-point correlation function (Landy & Szalay 1993) of the data, these oscillations have already been detected more than ten years ago in the SDSS DR3 Luminous Red Galaxy sample and in the 2dF survey (Cole et al. 2005) , which confirmed that the sound horizon is ∼150 Mpc in today's Universe, consistent with the WMAP results (Planck Collaboration et al. 2014) . In fact the BAO feature also has been evidenced in the cosmic microwave background anisotropies (see Refs. Spergel et al. 2003; Komatsu et al. 2011; Hinshaw et al. 2013; Planck Collaboration et al. 2014) , and in the distribution of the Lyman alpha forest (see Refs. Busca et al. 2013; Slosar et al. 2013; Delubac et al. 2015; Bautista et al. 2017) , and more recently by analyzing the clustering of quasars with the low space density .
The BAO scale serves as standard ruler (Seo & Eisenstein 2003; Blake & Glazebrook 2003) , allowing for the measurements of the angular distance D A (z) in the transverse direction and the Hubble parameter H(z), to constrain cosmological parameters Anderson et al. 2014b) and to study the expansion rate in the radial direction (Reid et al. 2012) , which gives access to better understand the nature of the acceleration completely independent from the supernova technique. For this reason a large number of surveys have included BAO measurements as an integral part of their science goals, such as the 2dFGRS (Colless et al. 2001) , the SDSS (York et al. 2000) , the WiggleZ (Drinkwater et al. 2010) , the BOSS (White et al. 2011) , the SDSS-IV/eBOSS, the DESI/BigBOSS (Schlegel et al. 2011) , the DES (Albrecht et al. 2006) , the LSST (LSST Dark Energy Science Collaboration 2012), the J-PAS (Benitez et al. 2014) , the 4MOST (de Jong et al. 2012) , the EUCLID survey (Laureijs 2009 ), the Tianlai project (Chen 2015) , or the WFIRST survey 1 etc..
The intricate large-scale structure of the present-day Universe is the result of gravitational growth of tiny density perturbations (random Gaussian fluctuations) and the accompanying tiny velocity perturbations in the primordial Universe, which has been evidenced primarily by those of temperature fluctuations in the cosmic microwave background (Smoot et al. 1992 , Bennett et al. 2003 , Spergel et al. 2007 . The "seeds" of such fields of primordial Gaussian perturbations are considered being the result of the early inflationary phase of our Universe. Under the combined actions of gravity and cosmic expansion, the initial tiny density perturbations are continually enhanced. With the gravitational instabilities dominating the dynamical evolution of the Universe, the structure formation evolves from a linear to a highly nonlinear regime, and the Universe gradually evolves into salient 1 http://wfirst.gsfc.nasa.gov and pervasive foam-like pattern, known as the "cosmic web", which has got revealed by major redshift survey campaigns and also has been demonstrated by ever larger computer Nbody simulations.
In this framework, voids are formed in density minima of the primordial Gaussian density field. As matter evacuated from their interiors, voids internal matter density rapidly decreases and then they become the large and low-density regions, which causes their interiors less to be affected by gravity nonlinear gravitational effects compared to other denser structures and thus to be closer to the initial gaussian field of the Universe (cf. e.g. van de Weygaert & van Kampen 1993; Sheth & van de Weygaert 2004) . For this reason, cosmic voids become particularly sensitive probes of cosmology and thus can be used in a variety of cosmological studies, e.g. the integrated Sachs-Wolfe effect (Granett et al. 2008; Cai et al. 2014; Granett et al. 2015; Ilić et al. 2013; Hotchkiss et al. 2015) ; weak gravitational lensing (Clampitt & Jain 2015) ; dark energy (Bos et al. 2012; Park & Lee 2007; Lavaux & Wandelt 2010; Pisani et al. 2015; Bos et al. 2012; Li 2011) ; modified gravity theories (Clampitt et al. 2013; Zivick et al. 2015; Cai et al. 2015; Lam et al. 2015; Barreira et al. 2015; Achitouv 2016; Martino & Sheth 2009; Li et al. 2012) ; the Alcock-Paczyński test (Alcock & Paczynski 1979; Sutter et al. 2012; Sutter et al. 2014) .
Being distinctive and striking features of the cosmic web but without an unequivocal definition, cosmic voids are rather difficult to be found systematically in surveys with considerable disagreement on the precise outline of such a region (see, e.g. Shandarin et al. 2006) . So voids can be defined in many different ways, sometimes with different shape restriction (e.g. cubic cells in Kauffmann & Fairall 1991 or spheres in Patiri et al. 2006a , for different purposes.
Recently Zhao et al. 2016 developed a Delaunay TrIangulation (DT, Delaunay 1934) Void findEr (DIVE) based on empty circumspheres constrained by tetrahedra of galaxies and named this kind of voids as "DT voids". With DIVE, one can construct more DT voids, being the heavily overlapping spheres and covering entire simulation box, than their matter tracers (galaxies/halos), which crucially increases the statistics of void tracers by about 2 orders of magnitude in contrast to previous studies (e.g. Refs. Patiri et al. 2006a; Hamaus et al. 2014a; Clampitt et al. 2016) . In fact, using these overlapping DT voids one can also straightforwardly construct another type of voids, disjoint voids (cf. Zhao et al. 2016) or non-overlapping voids. Liang et al. 2016 and Kitaura et al. 2016 verified that the BAO signal can be clearly detected from these overlapping DT voids, which were separately constructed by mock halo catalogues and by observational data (luminous red galaxies from SDSS-III BOSS DR11). This was not possible previously (see, e.g. Patiri et al. 2006b; Varela et al. 2012; Clampitt et al. 2013 ) for sparse population of voids.
Since the DT voids defined by the Delaunay Triangulation So, in order to better display, we only show a part of the DT voids in the right panel. And the positions of mock galaxies and the positions of DT voids (the centers of the DT spheres) are respectively marked by blue stars and yellow points. Right panel shows another type of voids, the disjoint voids or the non-overlapping voids, which can be straightforwardly obtained from the original DT void catalogue by sorting all DT voids in descending order of radius and then removing the overlapping voids sequently. And the blue points denote the positions of the disjoint voids (the centers of the non-overlapping spheres) in the right panel.
technique are overlapping seriously, we in this work make a definition of the different density regions tracers characterized by the radii of the DT voids, which is actually an indispensable step in reconstruction procedure of DTFE (Delaunay Tessellation Field Estimator) technique. And Cautun & van de Weygaert 2011 have developed a DTFE public software 2 , which is written in C++ using the CGAL library and is parallelized using OpenMP.
Relying on an unprecedented high-precision N-body simulation, "TianNu", we in this work perform some fundamental statistical studies and in particular clustering analysis based on the DT voids, and especially study the differences of the BAO signals detected by the mock galaxies (massive halos) and the high/low-density region tracers respectively. Using the density region tracers defined by the DT voids to detect the BAO signals, we find that the BAO peaks of the two-point correlations can be greatly enhanced. Combined with the results from galaxies, it is promising to improve the detection accuracy of the BAO signal, for example, to accurately detect the peak position of the BAO signal. This paper is organized as follows. First, in §2 we give a brief introduction of the N-body simulation used for this work, and in §3 we introduce the Halo Occupation Distribution (HOD) model to construct five mock galaxy catalogues with different number density. In §4, we present the BAO detection using mock galaxies. We present our main analysis results of DT voids and disjoint voids in §5 and §6. In §7, we investigate the BAO detections using the different DT void populations, mainly focusing on the BAO de-2 http://www.astro.rug.nl/ voronoi/DTFE/dtfe.html tections from the high/low-density region tracers defined by the DT voids. We give a discussion on the differences of the BAO signals detected from different tracers (mock galaxies, low/high-density region tracers) in §8. Finally, we summarize and conclude in §9.
N-BODY SIMULATIONS
We ran two large independent N-body simulations using the publicly-available high performance cosmological Nbody code CUBEP3M (Harnois-Déraps et al. 2013; Inman et al. 2015) , one named "TianZero" only consisting cold dark matter particles and another one named "TianNu" consisting both cold dark matter particles and neutrino particles, both of which are parameterised with [Ω c , Ω b , h, n s , σ 8 ] = [0.27, 0.05, 0.67, 0.96, 0.83 ] (see Emberson et al. 2017; Yu et al. 2017 for more details). The two simulations, with the same cosmological model and the same seed initial condition and each of them following the evolution of 6912 3 CDM particles (13824 3 neutrino particles are coevolved for massive neutrinos cosmology in one of the two simulations, i.e. TianNu simulation) within a periodic box of size 1.2 Gpc/h, respectively took 32 (Tianzero) and 52 (TianNu) hours (11 and 17 million CPU hours) computation time on Tianhe-2 3 . And the mass resolutions of dark matter particle and neutrino particl are 7 × 10 8 M and 3 × 10 5 M respectively.
In this work, our research interests are mainly focused on BAO measurements. Therefore, we only use the data from TianNu to carry out this study. Since no neutrino particles were added in another N-body simulation, i.e. TianZero, so, in principle, we can compare these two sets of N-body simulation data to study the impact of cosmic massive neutrinos on the formation of large-scale structures of the Universe (e.g. Upadhye et al. 2014) , such as baryon acoustic oscillations (cf. e.g. Peloso et al. 2015) and cosmic voids (cf. e.g. Massara et al. 2015) . We will investigate this in future work.
MOCK GALAXY CATALOGUES
Thanking to such a high-resolution N-body simulation, we get the dark matter halo catalogue at redshift z = 0.01, containing 27.758 million dark matter halos corresponding to halo number density of 1.655 × 10 −2 h 3 Mpc −3 , by a halo finding procedure using spherical overdensity approach (see Yu et al. 2017 for more details). In the following sections, we will focus our study at redshift z = 0.01 on measurements of the clustering of the five different mock galaxy populations to detect the BAO signals.
In fact, dark matter can not be (unfortunately) directly observed, and usually we rely on large scale structure matter tracers, the observable luminous structures in cosmology (i.e. galaxies and clusters of galaxies), to explore the cosmological information. Indeed, galaxies can be used as tracers of the underlying dark matter distribution to a certain degree, which can be typically described by a multiplicative factor known as the bias. So, we construct five mock galaxy catalogues according to a Halo Occupation Distribution (HOD) model (Massara et al. 2015) , using the following equation:
which means that halos with masses below M min do not host any galaxies, whereas the halo with mass above M min hosts one central galaxy.
The statistical properties of dark matter halos and DT voids (based on dark matter halos as the matter tracers, cf. section 5) are expected to be sensitive to the number density of haloes/mock galaxies. To investigate this, in our framework, we firstly sort all halos in descending order according to their masses, and then we select out the halos ranking in the top, respectively according to the number density of 7.52 × 10 −5 h 3 Mpc −3 , 9.02 × 10 −5 h 3 Mpc −3 , 1.05 × 10 −4 h 3 Mpc −3 , 1.20 × 10 −4 h 3 Mpc −3 , 1.35 × 10 −4 h 3 Mpc −3 , to get the five mock galaxy catalogues.
BAO SIGNALS FROM MOCK GALAXY CATALOGUES

The two-point correlation function estimator for mock galaxy catalogues in simulation box
The two-point correlation function, commonly used to characterize the large-scale structure of the Universe, has been used to analyze the data of galaxy surveys to describe the probability that one galaxy will be found within a given distance bin of another.
In cosmology, galaxies and dark matter halos, forming in the regions of previous matter overdensities of baryons and dark matter, are mainly configured both at the original sites of the BAO anisotropy and the shells at the sound horizon, which make one would expect to see a greater number of galaxies separated by the sound horizon than by nearby length scales (see Eisenstein et al. 2005) . Indeed, Baryon Acoustic Oscillations (BAO) measurements are based on the detection of the feature, that corresponds to an excess on the two-point correlation function at a comoving separation equaling to the sound horizon. The BAO signals have been evidenced in many galaxy surveys using galaxies as direct tracers, including the SDSS DR3 Luminous Red Galaxy sample ) and the 2dF survey (Cole et al. 2005) , where the radial positions of galaxies are measured by their redshifts.
The correlation function ξ(s) (s being the comoving separation) can be computed by different two-point correlation function estimators which have been studied by various authors (Peebles & Hauser 1974; Davis & Peebles 1983; Hewett 1982; Hamilton 1993; Vargas-Magaña et al. 2013) . Vargas-Magaña et al. 2013 have shown that the differences among the two-point correlation function estimators calculated in a cubic geometry are not significant. So, for the convenience of calculation, in our case the correlation function is computed following the Peebles & Hauser 1974 estimator in the simulation box with periodic boundary condition,
where the DD (RR) term is the pair count of mock galaxy data samples (random data samples from the Poisson catalogue; cf. Kerscher et al. 2000; Pons-Bordería et al. 1999) within a given bin of comoving separation [s − ds/2, s + ds/2] normalized by the total number of pairs.
The BAO detection from mock galaxies
For a more systematic study, we use the five mock galaxy catalogues with the number density of [2.5 × h 3 ; 3 × h 3 ; 3.5 × h 3 ; 4 × h 3 ; 4.5 × h 3 ]×10 −4 h 3 Mpc −3 respectively (h=0.677) as mentioned in section 3 to carry out our research. This allows us to investigate the impact of the mock galaxy number density on the BAO signal detection for our HOD model, i.e. using massive halos.
Firstly, we calculate the two-point correlation functions (cf. Fig.2 ) based on the five mock galaxy catalogues. And then in top panel of Fig.12 we also show the two-point correlation function curves obtained by Gaussian Process Regression (GPR) fitting (Rasmussen & Williams 2006) of the data points from the results of Fig.2 , so that we can understand the trends of the curves more clearly. We find that the BAO signal intensity (the height of BAO peak) decreases with the decline in the number density of mock galaxies, but this effect is not very significant. And it also can be found that the two- point correlation functions of the mock galaxies with lower number density are raised at the comoving separation interval of < ∼ 120 Mpc/h, whereas after the intersection at this point (∼ 120 Mpc/h) the curves change from the previous uplift to the depression.
ANALYSIS FOR DT VOIDS
Now that we have created five mock galaxy catalogues with different number density, then we run the void-finder DIVE (see Zhao et al. 2016 for more details) on the five mock galaxy fields respectively and construct the five DT void catalogues with the number density of 5.09 × 10 −4 h 3 Mpc −3 , 6.11 × 10 −4 h 3 Mpc −3 , 7.13 × 10 −4 h 3 Mpc −3 , 8.15 × 10 −4 h 3 Mpc −3 , 9.16 × 10 −4 h 3 Mpc −3 respectively. We see that the DT voids of different radii can be used as different density region tracers in section 5.1. In latter part of this section, we perform some fundamental statistical studies on the DT voids and explore the BAO detections by calculating the two-point correlation functions of different DT void populations within different radius intervals.
Density region tracers defined by DT voids of different radii
The DT voids are the empty circumspheres which are constrained by tetrahedra of galaxies based on the Delaunay Triangulation technique using CGAL 4 (a C++ library of algorithms and data structures for computational geometry) (cf. Zhao et al. 2016) . From this definition, it is not difficult to realize that there are two different populations of DT voids 
The number function of DT voids
The void statistics have been studied by many works (e.g. Politzer & Preskill 1986; Betancort-Rijo 1990; Einasto et al. 1991; Betancort-Rijo & López-Corredoira 2002) . Furthermore, the statistics on Delaunay voids, which are constructed from tetrahedra of galaxies and impose the circumspheres to be empty, may include higher order information (see White 1979) , by encoding higher order statistics through Delaunay Triangulation procedure (see Kitaura et al. 2016) . So, by analyzing these statistical properties of the DT voids, it is expected to help us circumvent more complicated mathematical formalism to extract some vital information to understand the dynamical processes that affect the structure formation of the Universe Liang et al. 2016; Croton et al. 2005; Goldberg & Vogeley 2004; Hoyle et al. 2005) . For the DT voids being of different sizes and overlapping seriously, naturally, the primary knowledge of the statistical properties of the DT voids is the information of their size statistics, which is expected to be more sensitive to the cosmological parameters and the nature of dark energy than previous voids studies ( Betancort-Rijo et al. 2009; Jennings et al. 2013; Cai et al. 2015) .
Actually, void probability distribution function and their cumulative void number density can be used to constrain σ 8 and Ω m h (Betancort-Rijo et al. 2009). So, for investigating these fundamental knowledge of the statistical properties of the DT void sizes, we respectively, in Fig.4 , show the results of the number functions (or abundances), the normalized number functions (the number functions normalized by the total number of DT voids) (PDF), and the cumulative number functions, with respect to the void radii for the five sets of the DT void samples. Through more or less seeming to be Gaussian bell curves, the size distribution (see left/middle panel of the Fig.4 ) more likely to be log-normal distribution resembling the void size distributions obtained from the Cosmic Void Catalog (CVC) showed in Russell 2016 and Pycke 2017 . Since in this study we are not aiming at confirming the accurate distribution the DT voids obey, we postpone such a precision study for future work.
More over, we can see that as increase in the number density of mock galaxies, the amount of DT voids increases, and the average radius of DT voids moves in the smaller direction, while we get more small DT voids and less large DT voids. Furthermore, as shown in Fig.4 , with the reduction in the number density of the mock galaxies, the distribution curve of the normalized number function tends to be lower and wider, which means that the corresponding radii distribution of the samples tends to be more discrete with larger variance. Our calculation shows the standard deviations are 5.817 Mpc/h, 6.009 Mpc/h, 6.224 Mpc/h, 6.474 Mpc/h, 6.800 Mpc/h respectively, for the five DT void catalogues with the number density in descending order. 
Correlation function from the complete DT void catalogue
As mentioned in the introduction, little works focus their study interests on the clustering analysis of cosmic voids for their sparse population and low signal-to-noise ratio. However, there are still some works which have investigated the two-point statistics of the cosmic voids (e.g. Refs. Goldwirth et al. 1995 , Padilla et al. 2005 , Massara et al. 2015 , Clampitt et al. 2016 .
Galaxies and dark matter halos mainly reside in the high-density regions, for example, Luminous Red Galaxies (LRGs) (cf. Kitaura et al. 2015; Kitaura et al. 2016) . But actually there is also residual matter, which can evolve into galaxies and dark matter halos, in the voids (e.g. Pustilnik et al. 2011; Pustilnik et al. 2002; Hoyle et al. 2005; Hoeft et al. 2006; Patiri et al. 2006b ). Whereas the complete DT void samples constructed from mock galaxy catalogue have various radii, which means that they locate in different density regions and tend to be evenly distributed in every corner of the entire simulation box (cf. Fig.1 and Fig.3) . Therefore, if we attempt to use a complete DT void catalogue as a sample set to calculate their two-point correlation function, we expect the BAO signal will not be significant, or simply does not exist.
In order to investigate this, we show the calculation results of the two-point correlation functions of the five complete DT void catalogues in Fig.5 . As expected, the curves at the BAO scale do not show obvious BAO signals. But we can see a large peak, the position of which moves to the right and the height of which tends to go higher with the decrease in Figure 6. Two-point correlation functions, ξ(s) (left panel), and the two-point correlation functions modulated by the squared distance, s 2 ξ(s) (right panel), of the five disjoint void catalogues. The five disjoint void catalogues are constructed by the original five mock galaxy catalogues with number density of 7.52 × 10 −5 h 3 Mpc −3 , 9.02 × 10 −5 h 3 Mpc −3 , 1.05 × 10 −4 h 3 Mpc −3 , 1.20 × 10 −4 h 3 Mpc −3 , 1.35 × 10 −4 h 3 Mpc −3 respectively. In the left panel, the obvious void exclusion effect of the disjoint voids are shown clearly, corresponding to the value of the correlation function equals to -1, due to the reason of the non-overlapping pattern. In the right panel, The oscillation patterns of the two-point correlation functions, due to hard sphere exclusion effects with high filling factor (Wertheim 1963) , are not related to the BAO signals, which has been confirmed in Kitaura et al. 2016. the number density of the mock galaxies. In fact, this peak corresponds to the comoving scale of the average diameter of the DT void samples (cf. Fig.11 ). According to the statistical explanation of the two-point correlation function, that is to say, from the center of a DT void it is most likely to find another center of a DT void at this distance corresponding to the peak position.
DISJOINT VOIDS
As a matter of fact, because of the vague definitions, there are a plethora of void identification procedures for different purposes or interests. More over, the cosmic voids usually are defined and identified by some void finders under a certain shape restriction (e.g. out of cubic cells in Kauffmann & Fairall 1991 or out of spheres in Patiri et al. 2006a) .
Although the DT voids from a complete catalogue overlap each other seriously, we can straightforwardly obtain another type of voids, disjoint voids (cf. Zhao et al. 2016) or non-overlapping voids (shown in Fig.1) , by sorting all DT voids in descending radius order and then removing the overlapping voids sequently. In previous studies, some other non-overlapping types of cosmic voids have been proposed to constraint cosmological parameters (Betancort-Rijo et al. 2009 ) and to study galaxy orientation (e.g. Trujillo et al. 2006; Brunino et al. 2007; Varela et al. 2012) .
Due to the reason of non-overlapping pattern, the twopoint correlation functions of disjoint voids show obvious void exclusion effect (Hamaus et al. 2014b; Massara et al. 2015) , namely, the probability of finding two nonoverlapping void centers at a distance smaller than a certain distance (exclusion scale) is zero, corresponding to that the value of the correlation function equals to -1 (cf. left panel of Fig.6 ). The oscillation patterns of their two-point correlation functions (cf. the right panel of Fig.6 ), due to hard sphere exclusion effects with high filling factor (cf. Wertheim 1963), are not related to the BAO signals, which was confirmed in Kitaura et al. 2016 . In the right panel of Fig.6 , we also find that the curve reaches a maximum, whose height and position depend on the number density and the average size of the disjoint void samples considered (cf. 11).
In Fig.7 , we show the volume filling fraction and cumulative volume filing fraction of the disjoint voids. As expected, with the decrease in number density of the mock galaxies, the larger disjoint voids account for a larger proportion of the simulation box volume (cf. left panel of Fig.7) , and the volume filling fraction of all disjoint voids decline (cf. right panel of Fig.7) . Interestingly but not surprisingly, although the number density of the mock galaxies changes, the volume filling fraction of all disjoint voids does not change much, about equaling to 45% (cf. Zhao et al. 2016 as a supplement).
BAO DETECTIONS FROM DIFFERENT DT VOID POPULATIONS WITH RESPECT TO VOID SIZES
In this section, we investigate the two-point correlation functions of different DT void populations characterized by void sizes. We give a detail discussion on the main features of the DT void two-point correlation functions. And we focus our study on the BAO detections by low/high-density region tracers in the later part of this section. Some of these work was also shown in Liang et al. 2016 based on other halo catalogues of different type (not from N-body simulation), which are constructed with the PerturbAtion Theory Catalogue generator of Halo and galaxY (PATCHY; Kitaura et al. 2014) distributions. But in our study, first time using unprecedented large-scale N-body simulation data, we show some new results and give a more detailed discussion with different purpose.
With our HOD model for constructing the mock galaxy catalogues, we show that even with sparse mock galaxy samples (massive halos), interestingly, we can also detect significant BAO signal, which to a certain degree is not very sensitive to the number density of the mock galaxy samples as showed in Fig.2 and in the top panel of Fig.12 . Here, we use the mock galaxy catalogue with the lowest number density, i.e. 7.5 × 10 −5 h 3 Mpc −3 , as our target sample set.
Correlation functions from different DT void radii bins
In section 5.1, we have already shown that DT voids of different scales well trace different density regions, which makes the DT voids can serve as reliable tracers of different density regions. This encourages us to investigate the typical features of the two-point correlation functions for different DT void populations (i.e. the different density region tracers characterized by DT void radii). So, in Fig.8 we show the results of the two-point correlation functions of DT void samples, constructed from the mock galaxy catalogue with number density of 7.52 × 10 −5 h 3 Mpc −3 , within different radii bins.
As expected, some distinctive features are revealed. Similar to the large peaks in Fig.5 , pronounced and sharp peaks are shown on these two-point correlation functions. And, in Fig.11 , we will confirm that these peaks definitely correspond to the average diameter comoving scales of the DT void samples within different radii bins. Surprisingly, regardless of the sample number of the DT voids, the peak height declines smoothly with the increase in the scale of the radii bin. More over, we also find there is a trough on the left side of each peak, which is due to the void exclusion effect (Hamaus et al. 2014b ). As the same time, we can see that for the larger DT void samples, the troughs go deeper until below zero, which means that the larger DT voids tend to reside in low-density regions (i.e. the cosmic void regions) with void exclusion effect becoming more pronounced. Unfortunately, in our case, there are no significant BAO signals shown on these correlation functions.
7.2. The BAO signals from low/high-density region tracers
Galaxies, as the most direct tracers of density in the Universe, have been commonly used in studies of BAO peak detection (e.g. Eisenstein et al. 2005; Cole et al. 2005; Percival et al. 2007; Percival et al. 2010; Anderson et al. 2014a; Alam et al. 2017; Beutler et al. 2011; Ross et al. 2015 etc.) . And in the former sections, we have already shown in detail that the locations of DT voids can be used as reliable material density tracers. So it is then necessary to explore the BAO detections with different density region tracer populations (i.e. different DT void populations characterized by their radii). Actually, Liang et al. 2016 have investigated and confirmed that for the large DT void samples (low-density region tracers or void tracers), there is an optimal radius cut making the BAO signal best, and there are two dips on both sides of the BAO peak, with this feature of which they also defined a efficient model-independent estimator of S/N (Signal-to-Noise) ratio of BAO signal.
In this section, we mainly investigate the BAO detections with the low/high-density region tracers, and discuss the difference of the features of their two-point correlation functions and the BAO detections by the two methods. To this end, we show the results of the two-point correlation functions of the low/high-density region tracer populations, constructed by the mock galaxy catalogue with number density of 7.52 × 10 −5 h 3 Mpc −3 , with different radius cuts, in Fig.9 and Fig.10 respectively.
We also confirm that there definitely is a optimal radius cut, ∼ 34 Mpc/h in this case, for the best BAO detection based on large DT void populations (low-density region tracers), using our N-body simulation data. But for the high-density region tracer populations, it shows the different scenario, where as decline in the radius cut, the BAO peak rise and go higher without optimal radius cut, and as the same time the noise becomes more pronounced due to fewer DT void samples.
It's interesting to note that the two main features discussed in section 7.1 are maintained on the two-point correlation functions of the low-density region tracer populations, i.e. the peak corresponding to the average diameter of DT void samples and the trough due to the void exclusion effect; but for the high-density region tracer populations, there is the peak without the trough, which means that they are located in the dense mock galaxy regions. This also unveil the fact that this peak is the most representative feature of the twopoint correlation function of the DT voids.
In Fig.11 , we plot the average diameters of the samples from different DT void populations and disjoint void populations as functions of the peak positions of their two-point correlation functions. It clearly shows that the peak position of two-point correlation function definitely corresponds to the average diameter of the samples for the overlapping DT voids. Whereas, for the disjoint voids, the positions of the peaks are larger than the average diameters of the sample sets, which is not difficult to understand. This is due to reason of non-overlapping. Our work rely on such an unprecedented large-scale highresolution N-body simulation. Due to the huge cost, it is unrealistic to run numerous such N-body simulations with different seed initial conditions, and then by the procedure introduced in section 3 to construct plenty of mock galaxy catalogues with a specified number density, and finally by calculating the average values and variances of these independent data to eliminate systematic errors and give the error bars (similar to the method of Liang et al. 2016 ). However, we can give a proposal to overcome this weakness to get multiple mock galaxy catalogues with a specified number density, by the following two steps:
• Firstly, according to the method described in the section 3, from the original halo catalogue we select out the massive halos with a certain amount, larger than the sample amounts of the final mock galaxy catalogues with the specified number density, as the pretreated mock galaxy catalogue.
• Secondly, after the pretreatment, we then randomly select out the samples with the specified amount by sampling without replacement method to construct a mock galaxy catalogue with the specified number density. And by repeating this step we can get more mock galaxy catalogues with the specified number density.
Of course there are something worth noting. e.g. in order to avoid getting too similar or the same mock galaxy catalogues, we need to ensure the pretreated mock galaxy catalogue capacity being large enough; and we'd better give massive halos with greater likelihood of being selected and so on. Again, for the same reason that we are more concerned about BAO detections from different tracers, more detailed exploration is reserved for future work.
For a better analysis of the difference, part of the twopoint correlation functions in Fig.[2, 9 , 10], in the best case for BAO signal detection, are fitted by a model-independent fitting method, i.e. the Gaussian Process Regression (GPR) method (cf. Fig.12 ). And then we can identify some important features. In the bottom panel of Fig.12 , for the highdensity region tracers, we can witness the process that as Figure 10 . The two-point correlation functions of DT voids with various radius cuts (R < R cut ) from the DT void catalogue with number density of 5.09 × 10 −4 h 3 Mpc −3 . The catalogue is constructed from the mock galaxy catalogue with number density of 7.52 × 10 −5 h 3 Mpc −3 . For lower radius cuts, the two-point correlation functions show stronger noises due to sparse populations.
the radius cut decreases, the BAO signal arises and grows, whereas, for the low-density region tracers, we can witness a similar but actually the opposite process that as the radius all DT voids All disjoint voids Figure 11 . The average diameters of different data sample sets as functions of the peak positions of their two-point correlation functions. As shown, there is a strong correlation between the average diameter of a certain data sample set and the peak position of the two-point correlation function of this data sample set. In addition, it also show the relationships of the five disjoint void catalogues with different number density, which are marked by squares under the straight line due to the non-overlapping pattern. cut increases to the optimal cut, the BAO signal begins to arises and grows to the strongest (cf. middle panel of Fig.12) . Surprisingly, in the best case, the intensity of the BAO signals (the heights of the BAO peaks), detected respectively by mock galaxies, low-density region tracers, and high-density region tracers, almost in sequence increase by an order of magnitude (cf. Fig.12 ).
The process of baryon acoustic oscillations in the early Universe leads to the material density ripples, the structure of which is mainly configured on the regions with high material density, i.e. the regions with high galaxy number density, in the Universe. As shown in former sections, the spatial distribution of high-density region tracers (small DT voids), can reliably characterize the contour structure of the high-density regions in the Universe (cf. 3). Therefore, one plausible explanation of our results is that the BAO structure is mainly configured on these high-density regions and we can extract the high-dense structure by the locations of high-density region tracers (small DT voids), as a consequence, the BAO intensity (BAO peak) shown on the two-point correlation function of the high-density tracers can be greatly enhanced. Indeed, the SDSS Luminous Red Galaxy (LRG) samples utilized in Eisenstein et al. 2005 , when the BAO feature was for the first time detected, are distributed in the high-density regions (cf. Kitaura et al. 2015) .
The material ripples of BAO overlap with each other so that the distribution of low-density region tracers, which are located in the regions spatially complementary to the highdensity regions (cf. 3), can also be configured with the BAO distribution information at BAO scales. As a result, we can also detect significant BAO peak on the two-point correlation function of the low-density region tracers. However, this requires a reasonable tuning of a threshold parameter of the samples. Here, we tune the DT void radius cut (the minimum radius of large DT void samples) to the optimal value, such that the BAO signal emerges and becomes most significant. Surprisingly, the optimal BAO signal shown on the two-point correlation of the low-density region tracers is also more prominent than the signal detected by mock galaxies (massive halos) (cf. 12).
CONCLUSION AND DISCUSSION
As the distinctive features of the cosmic web, the cosmic voids are the large and low-density regions which contain less galaxies/halos and are surrounded by filaments, walls and relatively denser knots of galaxies/halos. Due to the ambiguity of void definition, there is not an unequivocal method for systematically searching cosmic voids in both surveys and simulations, so that voids can be defined in many different ways for different purposes.
In this work, relying on a large-scale high-precision Nbody simulation and by a halo finding procedure using spherical overdensity approach we find 27.758 million dark matter halos. We propose a HOD model to construct five mock galaxy catalogues with different number density. And we take advantage of a Delaunay Triangulation void finder (DIVE) to construct a large number of empty overlapping circumspheres (named as DT voids) constrained by tetrahedra of the mock galaxies/halos. By this void definition, the number of DT voids is about 7 times the mock galaxy popula-tion, which permits us to perform reliable statistical studies, in particular clustering analysis, based on these DT voids.
As a matter of fact, the total volume of the DT voids exceeds 200 times the volume of the simulation box in the context of this work. Although the DT voids are overlapping seriously, we can still straightforwardly construct another type of voids, the non-overlapping spheres called disjoint voids, based on these overlapping DT voids.
We conduct some fundamental statistical studies and clustering analysis on these DT voids and disjoint voids. We show that these statistics of the DT voids and disjoint voids are strongly correlated with the number density of the corresponding mock galaxies. But it is interesting to note that although the space occupied by the all disjoint voids reduces corresponding to the decline in the number density of the mock galaxies, this effect is very slight with the total volume of these disjoint voids maintained at about 45% of the simulation box volume. And we also show that the peak position of the DT void two-point correlation function has a very strong correlation with the average diameter of the void samples.
Even if DT voids are very overlapping, the sizes of their radii can be very good to reflect the halo number density of their interior and surrounding areas, which permits us to give a reliable definition of different density region tracers. We show that the locations of large DT voids well trace the lowdensity regions and the locations of small DT voids well trace the high-density regions.
Moreover, we discuss in detail the features of the two-point correlation functions of different DT void populations. And, we further investigate the BAO detections by the two-point correlation functions of low/high-density region tracers, corresponding to the mock galaxy number density of 7.52×10 −5 h 3 Mpc −3 . We also confirm that for low-density region tracers there is a optimal void radius cut making the BAO signal the strongest. Our results show that for the mock galaxy catalogue with the number density of 7.52 × 10 −5 h 3 Mpc −3 the optimal void radius cut is ∼ 34 Mpc/h. However, for the high-density region tracers, the different scenario is shown. We find that as the void radius cut decreases the BAO signal arises and grows continuously, but at the same time with the decline in the number of the data samples the noise becomes more and more prominent.
In order to better compare the BAO signal detections by mock galaxies and low/high-density region tracers, we use the Gaussian Process Regression (GPR) method to fit the two-point correlation functions of the five mock galaxy catalogues, and, in the optimal-case scenarios for the BAO signals, to fit part of the two-point correlation functions of the low/high-density region tracers (constructed by the mock galaxy catalogue with number density of 7.52 × 10 −5 h 3 Mpc −3 ) respectively. Our results show that the BAO intensities (the heights of the BAO peaks) obtained by the three different ways in sequence increase by an order of magnitude.
We have two sets of N-body simulation data (one from TianZero and another from TianNu), which in principle permits us to study the effects of neutrinos on the large-scale structure formation of the Universe. Based on the two sets of data some pioneering works have been done, e.g. the effect of cosmic neutrinos on halo mass in Yu et al. 2017 ; measurement of the cold dark matter-neutrino dipole in Inman et al. 2016 .
We note that the DT voids, further constrained by imposing the circumspheres to be empty based on the tetrahedra of galaxies, are expected to encode higher order statistics (see Kitaura et al. 2016; Zhao et al. 2016; Liang et al. 2016) , which strongly depends on gravitational evolution of the morphology of the cosmic web and provides an effective and powerful tool to study the large-scale structure formation history of the Universe. By analyzing the clustering of the DT voids and investigating their statistical properties, we expect to extract the crucial information of the neutrino effects on the large-scale structure formation of the Universe more efficiently and we will apply this technique for further studies of the neutrinos effects in cosmology.
